Starting from a higher Courant bracket associated to exceptional generalized geometry, we provide a systematic derivation of all types of fluxes and their Bianchi identities for four-dimensional compactifications of M-theory. We show that these fluxes may be understood as generalized Wess-Zumino terms in certain topological threebrane sigma-models of AKSZ-type, which relates them to the higher structure of a Lie algebroid up to homotopy. This includes geometric compactifications of M-theory with G-flux and on twisted tori, and also its compactifications with non-geometric Q-and R-fluxes in specific representations of the U-duality group SL(5) in exceptional field theory.
Introduction
A general string or M-theory background may carry non-vanishing vacuum expectation values for some of its NS-NS or RR field strengths, commonly known as background fluxes which are widely used in all modern attempts to relate string theory to low-energy phenomenology [1] . Apart from the standard geometric settings, where one may also include the possibility of non-vanishing torsion, the T-and U-dualities of closed string and Mbrane theories reveal the existence of exotic fluxes that cannot be described in the context of standard geometry. These are commonly known as non-geometric fluxes; see [2] for a recent review in the context of string theory with a complete list of references, and also [3] for a review of some of the mathematical features in the setting of the present paper.
In the context of M-theory, the full set of fluxes for its seven-dimensional compactifications 1 was determined in [4] using SL(5) exceptional field theory [5] , and studied further also for dimensions up to seven in [6] [7] [8] [9] [10] . The latter is the M-theory analogue of double field theory [11] [12] [13] , in that both theories are proposals for a duality-invariant formulation, be it T-duality in the string theory case or U-duality in the M-theory case. This exceptional field theory is related by construction to a generalized geometry on the tangent bundle extended by 2-forms [14, 15] . This bundle can be equipped with a bracket [16] [17] [18] [19] [20] , the higher analogue of the Courant bracket defined in [21] whose properties are collected in the structure of a Courant algebroid [22] . In string theory, the Courant bracket was used to systematically determine the general expressions for the full set of geometric and non-geometric fluxes together with their Bianchi identities [23, 24] ; indeed, one can subsequently show that these expressions coincide with the local form of the axioms of a Courant algebroid.
On the other hand, the axioms of a Courant algebroid also coincide with the conditions for gauge (or BRST) invariance and on-shell closure of the algebra of gauge transformations for a first-order action functional for Wess-Zumino terms in three dimensions, called the Courant sigma-model [25] [26] [27] [28] [29] . This may be neatly phrased in the language of the BV fieldantifield formalism [30, 31] , where the structure of a general gauge theory is encoded in the master equation: The axioms of a Courant algebroid are equivalent to the classical master equation of the Courant sigma-model. The Courant sigma-model falls in the general class of topological sigma-models constructed geometrically in [32] , called AKSZ sigma-models. The utility of membrane sigma-models as a fundamental microscopic description of closed strings in non-geometric flux backgrounds was originally suggested by [23] , and further elucidated in [33] [34] [35] [36] .
The upshot is that the general expressions for the fluxes and Bianchi identities of a generic string compactification are in direct correspondence to the axioms of a Courant algebroid and to the generalized Wess-Zumino terms of Courant sigma-models. One may then wonder whether this "triple point" also exists for M-theory compactifications. The main purpose of this paper is to investigate this problem for the SL(5) case of M-theory flux compactifications to seven dimensions.
Our approach comprises two steps. In a first step, we consider the higher Courant bracket on the extended bundle E 2 = T M ⊕ 2 T * M and identify its possible twists, which in the physical case where dim M = 4 turn out to be G ijkl , F ij k , Q i jkl and R i,jklm .
(1.1)
These are the higher counterparts of the more familiar set of NS-NS fluxes H ijk , F ij k , Q i jk and R ijk encountered in string compactifications. The first two are associated to geometric compactifications of M-theory, while the last two are non-geometric fluxes [37] sourced by exotic branes [38] . In particular, the last entry is the higher analogue of the locally non-geometric 3-vector R-flux, and presently it necessarily has the structure of a mixedsymmetry 5-vector of type (1, 4) , in accord with [4] . Using the higher Courant bracket on E 2 we determine the general expressions for the fluxes (1.1) and their corresponding Bianchi identities in terms of a vielbein, a 3-form and a 3-vector.
In a second step, we employ the construction of topological field theories of AKSZ-type in four worldvolume dimensions (an open threebrane), studied in [39, 40] . The classical master equation for the corresponding threebrane sigma-model yields a set of conditions, which are then used to define the higher structure of a Lie algebroid up to homotopy [39] see also [41] for a somewhat more general construction. Such threebrane sigma-models were already used in [42] to relate AKSZ theories of M2-branes in topological M-theory to exceptional generalized geometry and fluxes. Here we show that by choosing the extended bundle E 2 in which the fields of the sigma-model take values, accompanied by a projection to SL(5) tensors, the local coordinate expressions for the axioms of a specific Lie algebroid up to homotopy on E 2 reproduce the expressions for the M-theory fluxes and their Bianchi identities for compactifications to seven dimensions. Therefore we conclude that the same set of equations underlies the SL(5) M-theory fluxes and their Bianchi identities, the gauge structure of a topological sigma-model in four worldvolume dimensions, and the axioms of a specific Lie algebroid up to homotopy. This paper is organized as follows. In Section 2 we briefly recall the necessary background material on the higher Courant bracket for extended bundles of the type E p = T M ⊕ p T * M, and the construction of a generalized metric for the physically relevant case p = 2 which accounts for SL(5) exceptional generalized geometry. In Section 3 we use the higher Courant bracket to determine the general expressions for the fluxes and their Bianchi identities, and explain how in the case dim M = 4 they indeed yield the correct SL(5) tensor structures. In Section 4, topological sigma-models on an open threebrane are discussed, together with their relation to the structure of a Lie algebroid up to homotopy; we further present some simple examples and their relation to M-theory backgrounds. In Section 5 the relation between the general M-theory fluxes and generalized Wess-Zumino terms of the topological sigma-models is established. Section 6 contains a first step towards the generalization of our results to the extended geometry of exceptional field theory; here the dimensionality of the target space is extended from four to ten and the general expressions for the SL(5) exceptional field theory fluxes up to the section condition are determined, though we have not yet found the appropriate extension of our threebrane sigma-model whose Wess-Zumino terms support the exceptional field theory fluxes. Finally, Section 7 contains our conclusions and an outlook toward some open problems related to our work.
Higher Courant Algebroids

Higher Courant Brackets
We begin with a brief description of higher analogues of Courant algebroids (see for example [16] [17] [18] [19] [20] ), and their uses in defining a generalized metric associated to exceptional group structures on their underlying vector bundle [14] which extends the corresponding construction in generalized complex geometry [43, 44] .
The starting point is a d-dimensional manifold M and a vector bundle E p → M, which is the extension of its tangent bundle by p-forms,
where p is a non-negative integer. For p = 1 this is simply the vector bundle corresponding to a splitting of the exact sequence
which gives rise to an exact Courant algebroid, where ρ ⊤ : T * M → E 1 denotes the transpose of the anchor map ρ. For any p ≥ 1, sections of the vector bundle E p correspond to a formal sum of vectors and p-forms,
The vector bundle E p can be endowed with a non-degenerate symmetric fiber pairing 4) which is given in terms of a symmetrization of contractions between vectors and p-forms,
resulting in a (p − 1)-form. In the special case p = 1, this is a map to C ∞ (M) and it defines a metric with split signature (d, d), which is invariant under the continuous T-duality group
A binary operation on sections of E p can also be defined, either in terms of a higher Dorfman bracket, which we denote here as a circle product 6) or in terms of its antisymmetrization, a higher Courant bracket
Here L X denotes the Lie derivative along the vector field X. For p = 1 these are precisely the standard Dorfman and Courant brackets, and they are formally given in terms of the same expressions for higher p.
We further define a smooth bundle map ρ : E p → T M, which could be for instance the projection to the tangent bundle, such that the quadruple (E p , · , · , [ · , · ], ρ) satisfies the following properties:
• Modified Jacobi identity:
• Homomorphism property:
• Modified Leibniz rule:
• Compatibility condition: 11) where the Nijenhuis operator is defined by 12) for any A, B, C ∈ Γ(E p ) and f ∈ C ∞ (M). The last condition, expressing the compatibility between the pairing and the bracket, is somewhat modified as compared to the p = 1 case, in the sense that a Lie derivative appears on the left-hand side. Evidently, this condition reduces to the standard one for a Courant algebroid in the p = 1 case.
When the anchor map ρ is the projection to T M, the higher Courant bracket may be twisted by a closed (p + 2)-form H as
The twist yields an additional p-form term in the bracket. In string theory, where the relevant structure is p = 1, the twist is a closed 3-form; it is customarily identified with the NS-NS flux whose de Rham cohomology class is theŠevera class which classifies the exact Courant algebroids over M. In that case, one can also consider more general twists, usually denoted as (H, f, Q, R) corresponding to a 3-form H, a vector-valued 2-form f , a bivectorvalued 1-form Q and a trivector R. The relevant bracket is then the Courant-Roytenberg bracket and the underlying structure corresponds to a general Courant algebroid where the anchor is not simply the projection to the tangent bundle, or equivalently to a protobialgebroid [34, 45, 46] . However, for p > 1, the twisting is more restricted. For instance, the analogue of a twisted Poisson structure (which would be a twisted Nambu-Poisson structure) does not exist [20] . Nevertheless, one can directly infer from the entries of the bracket what are the five possible additional types of twists that could in principle be considered apart from a (p + 2)-form: a vector-valued 2-form, a (p + 1)-vector-valued 1-form, a p-vector-valued (p + 1)-form, a 2p-vector-valued p-form, and a (2p + 1)-vector. The precise structure of such twists will be explained in the ensuing sections.
For our purpose of investigating the flux content of M-theory for four-dimensional compactification manifolds, giving rise to dimensional reductions to seven dimensions, the relevant higher structure is simply the one with p = 2 which corresponds to extending string charges for p = 1 to M2-brane charges [14] . We shall also find it necessary to formulate these higher Courant algebroids more generally later on by replacing the tangent bundle T M and the cotangent bundle T * M by a Lie algebroid E over M and its dual E * . In order to investigate cases with d > 4 the above setting is not sufficient and additional ingredients, in the form of extended bundles, are necessary to account for the charges of higher-dimensional objects such as M5-branes and MKK6-monopoles [14] . Therefore, we mostly focus on the special case of p = 2 and d = 4, although some of our results will be valid for any compactification dimension d as we indicate.
SL(5) Exceptional Generalized Geometry
Let us recall that in the more familiar p = 1 case, a generalized metric on E 1 that combines a Riemannian metric g and a 2-form B on T M may be defined [44] . One way to do this is to start from the O(d, d)-structure that preserves the fiber pairing of the Courant algebroid. 
14)
The second set of transformations are the B-transforms acting as X + η → X + η + ι X B, or
The third type are the β-transforms which act via a bivector β on
The geometric subgroup of these
cl , the semi-direct product of diffeomorphisms of M with closed 2-form transformations which act as bundle automorphisms (2.15) preserving the pairing (2.5).
Then an O(d, d)-covariant generalized metric H 1 may be parametrized in terms of g and B as 
A similar prescription was followed in [14] to define a generalized metric for p = 2 and d = 4. In that case, the group of transformations acting on E 2 = T M ⊕ 2 T * M is the U-duality group SL(5), and the geometric subgroup preserving the higher Courant bracket is the semi-direct product of diffeomorphisms of M with closed 3-form transformations Ω 3 cl . The action can be decomposed into four types, in a similar way as before. The 15-dimensional SL(4) subgroup acts separately on vectors, in the representation 4, and on 2-forms, in the representation 6, which combine into the antisymmetric representation 10 of SL (5) .
Both the 3-form and the 3-vector have four independent components in four dimensions. The matrix versions of these transformations are very similar to those of the p = 1 case above, thus we do not write them explicitly. Finally, a scaling transformation X + η → α 3 X + α 2 η with α ∈ R × guarantees closure of the group action. As before, a generalized metric H 2 can then be parametrized in terms of a metric g and a 3-form C on T M in the form [14] 
In the present case the structure group of E 2 is SL(5), its maximal compact subgroup is SO (5) , and the moduli space of reductions by H 2 is the corresponding 14-dimensional coset SL(5)/SO(5).
3 SL(5) M-Theory Fluxes
Fluxes from the Higher Courant Bracket
To determine the general form of the fluxes in M-theory for 7 + 4 dimensions, where the four internal dimensions are compactified, we follow a strategy similar to the one suggested in [23] for non-geometric fluxes in generalized geometry. Recall that in generalized geometry the expressions for all the types of fluxes may be found upon acting with the twist operator e B e β (which is an element of O(d, d)) on the local holonomic basis spanned by
and dx i [24, 48] . This gives
Then, computing the untwisted Courant brackets of the new basis, one obtains
and the fluxes are identified with the generalized structure constants appearing on the right-hand side. Their explicit expressions are
where underlined indices do not participate in the antisymmetrization. The corresponding Bianchi identities may be obtained by using the Jacobi identity for this bracket [24] .
For later reference, let us recall that in a general non-holonomic basis the above expressions take the form
where ∇ a is the covariant derivative with respect to a vielbein e a = e a i ∂ i , and its dual e a = e a i dx i , acting as
and
is the purely geometric torsion flux, appearing for example in string compactifications on twisted tori [49] .
Following the same prescription in the present case, 2 we consider a local basis {e I }, I = 1, . . . , (4 + 6) fashion as
with e ij = −e ji . Then we compute the untwisted higher Courant bracket 8) and identify the corresponding M-theory fluxes with the local structure constants T IJ K . Explicitly, the brackets are generally given as
Following the terminology of the string theory case, we refer to G, F and F as geometric fluxes and to Q, Q and R as non-geometric fluxes. Compared to the string theory case there is a proliferation in that F and Q do not repeat in two different brackets, but rather two apparently new fluxes appear, F and Q. We shall determine their relation to the fluxes F and Q below, where we will see that they are not independent. There is further a proliferation in the index structure; for instance, the previously trivector flux R now becomes a (mixed-symmetry) tensor with five indices (a 5-vector, but not fully antisymmetric-a completely antisymmetric tensor would anyway vanish in four dimensions) and index structure (2, 2, 1). Recalling that previous studies of M-theory fluxes have revealed a mixed-symmetry 5-vector of type (1, 4) [4, [6] [7] [8] [9] [10] , it is natural to ask what is the relation between the two. We shall return to this point after computing the explicit expressions for these fluxes.
As in the string theory case, we begin with the coordinate basis of sections of 
We now compute the untwisted higher Courant brackets of the new basis {e i , e ij } and comparing with (3.9a)-(3.9c) we formally obtain
where we defined∂ ij := Ω ijk ∂ k . These expressions were derived without using the restriction d = 4. One may directly observe that the fluxes F and Q are not independent from F and Q, as there are the trace relations
For general d, the tensor Q i jkl is not completely antisymmetric in its three vector indices.
Let us now specialize to the four-dimensional case. First, it is then inevitable that only the contracted parts of F and Q play a role, since they both have more than four indices in total. Specifically, the expression (3.13) for Q results in
Second, in four dimensions, the flux Q i jkl is necessarily completely antisymmetric in its three vector indices, in agreement with expectations. Another important observation is that the last term in (3.11f) is identically zero in four dimensions for any antisymmetric 3-vector Ω. Thus it is useful to define the (1, 4) mixed-symmetry combination
which allows us to write the R-flux obtained by the higher Courant bracket in terms of the R-flux as
Thus unlike the string theory case where all indices of the trivector R-flux participate in the antisymmetrization, here the right-hand side contains terms with derivatives of the trivector Ω where one index is outside the antisymmetrization. Studying all possibilities for index assignments, it turns out that in all cases we necessarily end up with only one term 4 and the R-flux is a (1, 4) mixed-symmetry tensor, in agreement with expectations. We discuss this point further in the extended case of Section 6, where we shall compare with previous results in the literature. For the time being, we can already conclude that by studying the higher Courant bracket, the types of geometric and non-geometric fluxes which arise in the four-dimensional case are
Finally, the expressions above are written in the holonomic frame. The corresponding expressions in a non-holonomic frame may be obtained similarly, by considering a vielbein e a and e ab = 1 2 e a ∧ e b . We present them only for the relevant fluxes in the four-dimensional case, which are
where ∇ ab = Ω abc ∇ c , and we used the definitions and facts explained before. Once more, one should keep in mind that the R-flux effectively contains only one term. 
Bianchi Identities
Bianchi identities for the above fluxes can be obtained upon calculating the Jacobiator for the higher Courant bracket using the basic property
To calculate the Jacobiator it is useful to write down the pairing A, B for the basis elements (3.10a) and (3.10b), which reads as
Using these expressions, the modified Jacobi identity containing only the basis elements e i ,
gives directly the Bianchi identities
As in Section 3.1, these formulas hold in any dimension d. However, for the physically interesting case d = 4, the first identity becomes algebraic, since the left-hand side is identically zero (five antisymmetrized indices in four dimensions), and taking into account the trace relation (3.12) between F and F , the result is
The rest of the Jacobi identities, involving different combinations of the basis elements e i and e ij , give six additional Bianchi identities for all fluxes which read as
Again these expressions are given in the holonomic frame. The Bianchi identities in a non-holonomic frame may be found in the same way.
fluxes and Bianchi identities there. As already mentioned, they may be determined with the same approach as the one we used in Section 3 for M-theory. The essential point we would like to recall is as follows. First we note that the fluxes and Bianchi identities in the holonomic frame for generalized geometry may be written in the compact form
where indices i, j, . . . run over 1, . . . , d while I, J, . . . run through 1, . . . , 2d. Here
)-invariant metric, and the 3-form T IJK corresponds to the four fluxes H ijk , F ij k , Q i jk and R ijk depending on the index position. We supplement these equations with a third one,
which is identically satisfied as long as β (ij) = 0, namely β ij are components of an antisymmetric 2-vector (not necessarily a Poisson bivector). These three equations may be interpreted in three different but related ways:
• As the fluxes and Bianchi identities in the NS-NS sector of general string theory compactifications.
• As the local form of the axioms of a Courant algebroid on E 1 [40] .
• As the conditions arising from the classical master equation in the BV-BRST quantization of generalized Wess-Zumino terms, or equivalently as the conditions for gauge invariance and on-shell closure of gauge transformations for the Courant sigmamodel [25] .
Read differently, the above statements say the following: given a Courant algebroid, one can uniquely write down a membrane sigma-model which gives the BV-BRST action for WessZumino terms which appear as fluxes in string theory compactifications. This statement is based on [25] [26] [27] [28] [29] . In particular, in [29] the precise relation with topological sigma-models of AKSZ-type [32] is demonstrated.
Moving one worldvolume dimension higher, from the closed string to the closed M2-brane, we have already found the expressions for the fluxes and their Bianchi identities in Section 3. This allows us to pose the following question: given a higher analogue of an exact Courant algebroid, can one write down uniquely a threebrane sigma-model which gives the BV-BRST action for generalized Wess-Zumino terms that appear as fluxes in M-theory compactifications?
In other words, we would like to have a set of expressions much like (4.1)-(4.3), which can be interpreted again in three different ways: as M-theory fluxes and Bianchi identities, as the local form of the properties of the higher Courant bracket, and as conditions that guarantee the classical master equation for some topological threebrane sigma-model (or, equivalently, its gauge invariance and on-shell closure of gauge transformations). We address this question in Section 5 below. In the present section we first discuss the construction of threebrane sigma-models as the higher analogue of Courant sigma-models.
Topological Threebrane Sigma-Models
The threebrane sigma-model that corresponds to the topological AKSZ theory for open threebranes, or in other words the BV-BRST action for a 4-form Wess-Zumino term, was contructed explicitly in [39] . We shall not review the full construction here, 6 but instead we consider just the zero-ghost topological action for the AKSZ topological sigma-model in four dimensions, which will be enough to make our main point. Its general form reads as
Let us spell out the ingredients in this sigma-model action. We have a theory of maps from a threebrane worldvolume Σ 4 to a d-dimensional target space M (we shall mostly consider d = 4 later, but the discussion here holds for any d), 5) and
is an auxiliary worldvolume 3-form taking values in the pullback of the cotangent bundle of M by the map X. In addition, there is a worldvolume 1-form A ∈ Ω 1 (Σ 4 , X * E) and a worldvolume 2-form α ∈ Ω 2 (Σ 4 , X * E * ). They take values in the pullback of a vector bundle E → M and its dual E * → M respectively. For example this could be the tangent bundle, but not necessarily so (see below). Here I is a bundle index when a basis of local sections {e I } of E is chosen, with corresponding dual basis {e I } for E * , while ρ i I are the components of an anchor map ρ : E → T M, and S IJ is symmetric in its two bundle indices, which defines a symmetric bilinear pairing on sections of E * (possibly degenerate). Finally, T I JK are structure constants of an antisymmetric bracket on sections of E and G IJKL is a generalized 4-form on E. The quantities S, T and G are all functions of X(σ), where σ α are the local coordinates of the threebrane worldvolume, and they will be understood as generalized Wess-Zumino couplings in the present setting.
There is a hierarchy of structures and fields exhibited in the following table:
Specifically, the AKSZ theory in two dimensions corresponds to the BV-BRST action for the Poisson sigma-model (the first order formulation of the topological bosonic string Bfield amplitude), in three dimensions to the Courant sigma-model and in four dimensions to the threebrane sigma-model that we discuss here. This is of course part of a semi-infinite staircase of (higher) geometric structures and topological sigma-models. More details may be found for example in the review [40] .
The action (4.4) comes with a host of conditions stemming from the classical master equation-or, equivalently, from gauge invariance. Recall that in the two-dimensional case these conditions are equivalent to the vanishing of the Schouten-Nijenhuis bracket for a bivector field, which is the condition for a Poisson structure on M or the Lie algebroid axioms for the cotangent bundle T * M equipped with the Koszul-Schouten bracket, while in the three-dimensional case they are equivalent to the axioms of a Courant algebroid. In the four-dimensional case the conditions found in [39, 41] define a higher algebroid structure, called a Lie algebroid up to homotopy in [39] or more generally an H-twisted Lie algebroid in [41] . Instead of providing the geometric axioms defining such a structure, we find it more illuminating at this stage to reside on the equivalent local coordinate conditions imposed by the classical master equation; the two approaches anyway reflect the same structure. The action (4.4) is invariant under the gauge transformations parametrized by scalar, 1-form and 2-form gauge parameters ǫ, ζ and t:
6a)
6c)
provided the following conditions are met:
Therefore, given a set of structure functions that solve these conditions, the corresponding topological threebrane sigma-model is uniquely determined. One can then reconstruct the anchor, bracket and 4-form on the vector bundle E, as well as the pairing on its dual E * , as derived brackets [39] .
These relations define a homotopy deformation of a Lie algebroid on E: Setting S = G = 0 reduces the conditions (4.7a)-(4.7e) to the usual axioms of a Lie algebroid, with the remaining non-trivial identities (4.7c) and (4.7d) corresponding to the homomorphism property, Leibniz rule and Jacobi identity for the anchor map and bracket on E. Generally, the bracket [ · , · ] on E extends to give a higher analog of the (twisted) Courant bracket on sections of E ⊕ 2 E * , which can again be computed as a derived bracket and for S = 0 is given by [39] [
where s 1 , s 2 ∈ Γ(E) and
for ω = The relation of the threebrane sigma-model to the higher Courant bracket may also be established as follows. First recall that the generalized Wess-Zumino term for Courant sigma-models is
where the components T IJK are directly related to the twisted Courant-Roytenberg bracket in a local basis
. 7 In a similar fashion, the last two terms in the action (4.4) may be written as
where as before {e I } and {e I } are local bases of sections of E and E * respectively, the bracket is the higher Courant bracket on E ⊕ 2 E * and the bilinear form corresponds to symmetric contraction as in (2.5):
(4.12)
Thus the higher geometric operations introduced above and in Section 2.1 directly dictate the generalized Wess-Zumino terms in the threebrane sigma-model. This will be further exemplified in a number of examples below.
Therefore, the question we posed in Section 4.1 may be rephrased as follows: What is the relation of the conditions (4.7a)-(4.7e) to the fluxes and Bianchi identities that we found in Section 3? Before we delve into the answer, we first discuss some (known and new) characteristic examples for this structure. 7 We indicated explicitly the pullback by X here, in order to avoid confusion, in contrast to the customary short-hand notation 1 3 A, [A, A] for the integrand in (4.10) used e.g. in [36] ; the latter notation should be treated with caution, since the fields A live in the pullback bundle X * E 1 , which unlike E 1 itself is not endowed naturally with a Courant algebroid structure. Thus the notation [A, A] can be misleading, since no such bracket is defined on X * E 1 , and we refrain from using it here. 8 In (4.11b) the two bilinear forms are in principle different: the first ("inner") bilinear form is defined on E ⊕ 2 E * , while the second ("outer") bilinear form is the canonical pairing between the vector bundle E and its dual E * . Since in both cases the corresponding contractions are understood from the context, we refrain from establishing a separate notation for these two operations.
Examples
Homotopy tangent algebroids. The simplest possibility is to choose E = T M with the usual Lie bracket of vector fields. Then the bundle index I is identified with the coordinate index i, in a local basis {e i } of the tangent bundle. The worldvolume 1-form
is valued in the pullback of the tangent bundle X * T M over Σ 4 and the worldvolume 2-form α i = 1 2 α i αβ dσ α ∧ dσ β is valued in the pullback of the cotangent bundle X * T * M.
We begin with an analysis of the conditions (4.7a)-(4.7e) that define a Lie algebroid up to homotopy. The condition (4.7a) reads as
If the pairing S ij is non-degenerate, this implies ρ i j = 0. This is a legitimate option, especially in the case that the base manifold M is a point and the algebroid structure is reduced to an algebra. Such cases were examined in [39] . For our purposes, it is more interesting to consider instead the case that the anchor is non-degenerate, in which case one concludes that S ij = 0 . (4.14)
Then (4.7a) and also (4.7b) are satisfied automatically. Since ρ is non-degenerate, with inverse ρ i j , the condition (4.7c) requires that
Finally, the relations (4.7d) and (4.7e) resemble Bianchi identities and they explicitly read as
We distinguish two particularly interesting cases below.
G-flux.
Choose the anchor to be the projection to the tangent bundle, namely ρ = id, or more explicitly ρ 
. Finally (4.7e) is the Bianchi identity which simply states that the 4-form G is closed, 17) or dG = 0, implying that G defines a class in the degree 4 de Rham cohomology of M.
The corresponding threebrane sigma-model becomes
In accord with the discussion at the end of Section 4.2, the Wess-Zumino term is associated to the higher Courant bracket on E 2 = T M ⊕ 2 T * M by means of the relation 19) where the bracket and the bilinear form are given by (3.9a) and (3.20b) respectively. It is useful to add a boundary term 20) where the Hodge duality operation * is in three dimensions, sending 1-forms to 2-forms. A topological boundary term of the form
is also possible, as well as boundary terms of type α ∧ * α and A ∧ A ∧ A, however we do not include them in this example. The field equation for the auxiliary 3-form F i gives
which with G = dC leads locally to the M2-brane action
This is recognized as the action for a closed M2-brane coupled to a 3-form C-field, whose field strength is the 4-form G-flux. This example, without the metric term, was considered in [39] , and recently in more detail in [42] where the double dimensional reduction of the Wess-Zumino term for wrapped threebranes along the M-theory circle is shown to reproduce the standard Wess-Zumino membrane coupling to an NS-NS H-flux.
M-theory on twisted tori. Motivated by Scherk-Schwarz reductions of M-theory on twisted tori, studied in detail in [37] , we can choose ρ i j to be equal to the components of a globally defined coframe E i j (X) for a twisted torus. 9 The simplest example, but by no means the only one, is to take a twisted 4-torus which is a trivial circle bundle over the three-dimensional Heisenberg nilmanifold, see for example [4, [6] [7] [8] [9] [10] . Then T i jk is simply given by (4.15) and it is constant, corresponding to the structure constants of the associated nilpotent Lie algebra. Due to the Jacobi identity, the condition (4.7d) is identically satisfied. One may further choose G = 0, in which case (4.7e) is also an identity and all conditions are solved.
The sigma-model is
As explained in e.g. [36] , one has to choose an isomorphism E : T N → T M between the tangent bundles of M and the twisted torus N with corresponding components E m i , whose inverse E −1 : T M → T N has components E m i , and identify the anchor with those. We present a short-cut version of this construction here, hoping that no confusion is caused.
where the last term corresponds to 25) and we add the same boundary term as before. The equation of motion for F i yields
where we used the Maurer-Cartan equations. Inserting this in the action, the bulk terms cancel completely and the boundary term becomes 27) which is the correct M2-brane action for an M-theory background with purely geometric torsion flux T i jk . One may already consider a more general situation, by allowing a non-vanishing constant 4-form G. Then one would simply obtain the same model decorated with an additional G-flux, subject to the algebraic identity 
In the present context this identity is imposed by the gauge invariance of the threebrane sigma-model via the classical master equation, and it ensures closure of the Wess-Zumino term X * (G).
Homotopy cotangent algebroids. An option that has not been explored so far is the choice of vector bundle E = T * M. As we shall see, this is the analogue of the R-flux with Poisson structure in the case of (contravariant) Courant algebroids [50] , which leads to a geometric R-flux. The difference is that in the Courant algebroid, the analogues of the fields α and A are treated symmetrically because they are both degree 1 fields. Here this "symmetry" breaks down.
We choose a local coframe {e i } for the cotangent bundle, with dual local frame {e i } of the tangent bundle. According to the explanations of Section 4.2, the worldvolume 1-form
In the case of exact Courant algebroids, where E = E 1 = T M ⊕ T * M, taking instead the dual E * 1 = T * M ⊕ T M does not lead to any difference but a renaming of the fields; however, this is not the case here, since the fields have different degrees.
Let us proceed with the analysis of the conditions for a Lie algebroid up to homotopy. First, the anchor components ρ i I now become ρ ij and they correspond to a bivector. The condition (4.7a) becomes ρ ij S jk = 0 , (4.29)
which implies S ij = 0 if as before we assume that the anchor is a non-degenerate map. Once more, the condition (4.7b) is then automatically satisfied. On the other hand, the relation (4.7c) becomes
This is solved by identifying ρ ij = Π ij with the components of a Poisson bivector Π, satisfying [Π, Π] SN = 0 with respect to the Schouten-Nijenhuis bracket on multivector fields, and
This Q-flux satisfies the Bianchi identity (4.7d),
If we allow a non-vanishing generalized 4-form G, which in the present case is a tetravector, it has to satisfy the Bianchi identity (4.7e) which reads as
which may be written in the suggestive form 
Then the twisting 4-vector G defines a class in the degree 4 Poisson cohomology of M.
Now that we have satisfied all the conditions for a Lie algebroid up to homotopy, we are all set to write down the threebrane sigma-model for the above data. It is given by the action
The equation of motion for F i gives 37) which can be inverted due to the non-degeneracy of the Poisson bivector to get
Choosing local Darboux coordinates in which both G ijkl and Π ij are constant, and adding a suitable boundary term, one obtains the M2-brane sigma model We stress that this is not the analogue of the non-geometric R-flux in M-theory, as it does not correspond to the lift of the nonassociative closed string R-flux deformation along the M-theory circle. It is simply the analogue of the Poisson Courant algebroid [34, 36, 50] at one level higher in the geometric staircase, and it is a geometric model. The analogue of the non-geometric R-flux will be discussed below.
Threebrane Sigma-Models and M-Theory Fluxes
We would now like to address the question posed in Section 4.1, and relate the general M-theory fluxes and their Bianchi identities computed in Section 3 to the threebrane sigmamodels presented in Section 4.2. This question can now be stated in more precise terms as follows: do the conditions (4.7a)-(4.7e) generate all the fluxes and Bianchi identities? We will answer this question in the affirmative and thus enable ourselves to write down the corresponding threebrane sigma-model.
The answer is that in the context of the threebrane sigma-model we should consider the vector bundle E = E 2 = T M ⊕ 2 T * M with the higher Courant bracket. Although this choice seems very reasonable in view of our previous discussion, one should appreciate that it is not the most natural choice, which is perhaps the reason that it has not been considered before. This may be explained by invoking the analogy with the Courant sigma-model. In that case, one has two different worldvolume 1-forms, say q i and p i , taking values in dual bundles, say L and L * respectively. However, since they are of the same degree, they can be combined in a single 1-form
so that L is a maximally isotropic subbundle of E 1 with respect to the symmetric contraction pairing. Then the natural choice would be L = T M, which gives rise to the generalized tangent bundle. (The second choice L = T * M leads to the same bundle, as we already mentioned before.) On the contrary, in the present case, the two fields taking values in dual bundles E and E * are of different degree and they cannot be combined. The most natural choice for E, the direct analogue of L = T M above, would be either the tangent or cotangent bundle, the two choices being now inequivalent. But this is exactly what we have already done in Section 4.3. There we saw that this can account for the G-flux and for the geometric torsion flux f i jk , but not for the rest of the SL(5) fluxes. We also saw that there is a consistent case with a 4-vector flux, which however is not one of the SL(5) fluxes.
Here our sole purpose is to find under which conditions the general theory yields instead the full set of SL(5) fluxes and nothing more. In contrast to the case of Courant algebroids, where the O(d, d)-structure is intrinsic, the structure group for a general Lie algebroid up to homotopy is not naturally tailored for the U-duality group SL(5) in four dimensions. Thus additional projections to SL(5) tensors are needed to make contact with the SL(5) fluxes. This is actually a strength of the present formalism, as there is some room for the same expressions below to also give a subset of the fluxes in higher dimensions for other exceptional U-duality groups.
As in the examples of Section 4.3, based on E = T M and E = T * M respectively, we directly set S IJ = 0, since this pairing does not play any further role in the identifications. Once more, this assumption takes care of the conditions (4.7a) and (4.7b). As we now show, this means that the relevant SL(5) fluxes are determined by the structure constants of a suitable Lie algebroid on E = E 2 .
Considering the bundle
and for our purposes here we further identify
where we assume that ρ ijk is a completely antisymmetric 3-vector, but not necessarily a Nambu-Poisson tensor. Then the condition (4.7c) yields three different equations. For both I, J being i, j the equation is
which is precisely the expression (3.11b), provided we make the identifications
and T ijkl = G ijkl . The latter identification is non-trivial, since T ijkl is not completely antisymmetric a priori, but instead it is a reducible mixed-symmetry tensor of type (2, 2) . This means that in order to make contact with the G-flux, we consider only the irreducible fully antisymmetric component to be non-vanishing. This is a legitimate assumption, as long as the consistency conditions are satisfied, which is the case here. In a certain sense, it corresponds to a projection to SL(5) representations.
Second, for I = i and J being (upper) [jk] (or vice-versa), the equation we obtain is
This instructs us to identify T i jkl = Q i jkl and T mpi jk = F mpi jk . This looks like (3.11d), provided that we manage to fix F properly with the remaining equations. Third, taking I to be (upper) [ij] and J to be (upper) [kl] , we obtain
This expression indicates the identifications T ijklm = R jk,lm,i and T pq ijkl = Q pq ij,kl . Whether or not it is identical to (3.11f) remains to be shown, provided we are able to fix Q from what follows.
We now move on to the condition (4.7d), whose middle term is zero by assumption. Taking I, K, L as single indices and J as a doubled index, we obtain directly the Bianchi identity (3.22a) with the same identifications as above. This is then solved by taking F to be as in (3.11c), in which case indeed (5.4) becomes identical to (3.11d). Similarly, from (4.7d) we also identify Q as in (3.11e), and thus (5.5) is identical to (3.11f).
Finally, in the present context (4.7e) is redundant and we can take a vanishing twist G IJKL = 0. By (4.11b), the vanishing locus of G defines an isotropic subbundle of
It is precisely on this isotropic subbundle that the Bianchi identities coming from the higher Courant bracket in Section 3.2 give the second condition (4.7d) coming from gauge invariance of the threebrane action with our projection.
Thus we conclude that indeed the sought-for equations for the fluxes and Bianchi identities are the conditions (4.7a)-(4.7e) under the above identifications. This provides a correspondence between the higher Courant bracket and this special case of the general AKSZ threebrane sigma-model. Let us therefore use this correspondence to write down the sigma-model explicitly. First, the 1-form A and the 2-form α have components
involving 1-forms taking values in (the pullback bundles of) T M and 2 T * M, and 2-forms taking values in T * M and 2 T M respectively. It would therefore appear that we have introduced an overabundance of worldvolume fields. However, our assumption that only the fully antisymmetric component of the reducible tensor T ijkl survives and is identical to the G-flux indicates that the 2-form q ij is decomposable, namely q ij = c q i ∧ q j , where we choose a convenient scaling factor c ∈ R × . What is more, the fact that we restrict the target space dimension to be four, and that the fluxes F and Q obey the relations (3.12) and (3.13), dictates that q i ∧ p ij = 1 c p j , wherec ∈ R × . Thus we are not dealing with an arbitrary threebrane sigma-model of the type discussed in Section 4, but rather with a special case of it dictated by the relation to the M-theory fluxes. In the quantum theory, this would mean projecting the domain of the path integral to worldvolume field configurations constrained in this way.
Therefore, putting the above ingredients together, the sought-for threebrane sigma-model reads explicitly as
up to boundary terms. This is indeed a sigma-model that contains all types of fluxes G, F , Q and R. Due to the conditions we have imposed, it depends only on two first order fields q i and p ij , which are both 1-forms on Σ 4 . One could think of them as the first order variables for spacetime coordinates X i and their dual wrapping coordinates X ij , although a truly X-inclusive model requires extension of the base manifold M as in exceptional field theory, which is not the case here. With our specific projections in the threebrane sigma-model, it is straightforward if a bit lengthy to check that the projected threebrane action (5.7) is invariant under the corresponding restriction of the gauge transformations (4.6a)-(4.6d).
We now observe that the G-flux model may be obtained in an alternative way using (5.7). One simply takes Ω = 0, i.e. the anchor to be the projection to the tangent bundle of M, and the only non-vanishing flux to be G. The field equation for F i leads to q i = −dX i and the threebrane sigma-model reduces on-shell to
where we consider the case that the threebrane has a non-empty closed M2-brane boundary and, usingc q i ∧ p ij = p j and c = 1 12 , we imposed the boundary condition
This is the same as the sigma-model with G-flux that we obtained in a different way in Section 4.3. Here the symmetric term corresponds to the upper-left entry of the generalized metric (2.18) for C = 0.
Alternatively, one may consider the completely dual situation, where the anchor maps to the tangent bundle only through the trivector Ω, i.e. taking ρ i j = 0. For simplicity, let us suppose that Ω is a constant non-degenerate trivector, and that the only non-vanishing (constant) flux is R. Then the field equation for F i is
This implies Ω ijk dp jk = 0 for all i, and hence, by our assumption that Ω ijk is nondegenerate, that dp jk = 0. This means that locally we can define functions X ij on Σ 4 through
This is not meant to be a wrapping coordinate, however the notation is indicative of what one would expect in the case of an extended base manifold. Then on-shell the threebrane sigma-model reduces to
where, taking into account q ij = 1 12 q i ∧ q j , we imposed the boundary condition
This is indeed the metric naturally appearing in M2-brane duality rotations [51] , and it also corresponds to the lower-right entry of the generalized metric (2.18 ).
An integrability problem in realizing the full SL(5) U-duality group in the worldvolume theory for a closed M2-brane was identified in [52] , based on previous work of [51] . It would be interesting to see whether the simple constructions we presented here can be generalized to include the M2-brane wrapping modes and shed some light on the problem of defining a manifestly U-duality invariant sigma-model.
SL(5) Exceptional Field Theory Fluxes
Going one step further, we would now like to determine in a systematic way the fluxes in SL(5) exceptional field theory, as first discussed in [4] . In that case, the base manifold M is extended to include coordinates conjugate to both the momentum and wrapping modes of closed M2-branes. In the present case the extended space M is 10-dimensional with local coordinates
Explicitly, x I = xāb = −xbā are coordinates in the antisymmetric representation 10 of SL (5) ǫ ijkl x kl in four dimensions. A field in the antisymmetric representation of SL (5) is a section of the generalized tangent bundle E 2 = T M ⊕ 2 T * M, so a local model for the extended space may be taken to be the total space M = 2 T * M of the bundle of 2-forms on M, with x i local coordinates on the base M andx ij = −x ji local fibre coordinates. Correspondingly, dual derivatives are defined in addition to the standard ones,
It is instructive at this point to recall that the local symmetries of exceptional field theory are generated by a generalized Lie derivative
where ξ I is a gauge generator for generalized diffeomorphisms and Y
IJ
KL is an invariant tensor of the U-duality group, here SL(5). It reads as
The role of this tensor becomes evident when closure of the algebra of gauge transformations is imposed. This happens when a section condition is satisfied, which reads as
This operator equation expresses the fact that when it acts on any field or product of fields the result should vanish. Restricting to fields satisfying this section condition, one finds 6) where the bracket appearing on the right-hand side is defined as
This bracket is the SL(5) covariantization of the higher Courant bracket (2.7), in the same way that the O(d, d) covariantization of the standard Courant bracket is the C-bracket of double field theory [53] . Indeed, when solving the section condition (6.5) by setting the dual derivatives∂ ij to zero, the bracket of (6.7) becomes precisely the higher Courant bracket (2.7), and moreover L ξ · = ξ • · is given by the higher Dorfman bracket (2.6). This is exactly how this bracket was originally constructed in [54] and used in [6] to relate the geometric formulation of SL(5) exceptional field theory to the embedding tensor formalism of seven-dimensional gauged supergravity, where the embedding tensor is related to the fluxes and in turn to the structure constants of the algebra of generalized diffeomorphisms.
For our purposes, we employ the procedure given in [55] for double field theory fluxes. A representation of the algebra (3.9a)-(3.9c) can be given by the Lie bracket of certain vector fields which are sections of the tangent bundle T M of the extended manifold of exceptional field theory. We introduce two such fields in the holonomic basis, given by 
where we defined the exceptional field theory fluxes
10a)
jk C ilm , (6.10c)
These expressions rely on the section condition, as also happens in the case of double field theory. As in the case of exceptional generalized geometry, these expressions are valid for any d, in which case the dimension of the extended space is
, however they simplify for the physically relevant case of d = 4, where F and Q can be related to F and Q respectively.
To write these expressions in a non-holonomic frame, we introduce a vielbein e a = e a i ∂ i whose components e a i can depend on both physical and wrapping coordinates, together with the dual vector fieldsẽ
ij . Then the fluxes acquire additional terms and in the four-dimensional case they read as
11a)
C ef gΓ ef a
where we defined the dual connectioñ
are the dual covariant derivatives.
Finally, let us compare our results with the SL(5) fluxes described in [4, 10] , where a group theoretical derivation in terms of SL(5) representation theory was used. Based on the embedding tensor formalism for gaugings of seven-dimensional maximal supergravity [56] , the relevant representations of SL (5) The available fluxes that should be matched with these representations are the 4-form Gflux G abcd , the geometric torsion flux f ab c , the Q-flux Q a bcd and the R-flux R a,bcde . Clearly, the only singlet in these decompositions corresponds to the 4-form G-flux. Moreover, the R-flux, as a mixed-symmetry (1, 4) tensor, lives in one of the three 4 representations of SL (4) c , which contains a symmetric and an antisymmetric part with a total of 16 components living in the representations 10 ⊕ 6. The last 4 representation corresponds to the determinant of the seven-dimensional metric, and this exhausts all representations of SL(4) appearing above. Therefore, the geometric approach based on the higher Courant bracket reproduces all the fluxes obtained using the group theoretical approach.
Conclusions and Outlook
Motivated by the relation between T-duality and non-geometric fluxes in closed string theory, the properties of the Courant bracket in generalized geometry, and the gauge structure of AKSZ-type topological membrane sigma-models, in this paper we have investigated whether such relations extend to the case of U-duality and fluxes in M-theory, the higher Courant bracket in exceptional generalized geometry, and AKSZ-type topological threebrane sigma-models. We established that upon a certain projection to SL(5) tensors, the local coordinate form of the axioms for a specific Lie algebroid up to homotopy based on the extended bundle T M ⊕ 2 T * M coincides with the general expressions for geometric and non-geometric fluxes in (7 + 4)-dimensional compactifications of M-theory, together with their Bianchi identities. The same expressions are also interpreted as the conditions for gauge invariance and closure of gauge transformations for a topological threebrane sigmamodel, where the fluxes appear as generalized Wess-Zumino terms. It would be interesting to understand better the geometric features of the algebroid structure defined by our SL(5) projection of the Lie algebroid up to homotopy on T M ⊕ 2 T * M. Given that the higher Courant algebroid structure on this extended bundle has a well-known realization as an L ∞ -algebra, see for example [18, 19, 57] , it is an interesting problem to see how our specific Lie algebroid up to homotopy fits into recent discussions of the L ∞ -algebra structure of gauge symmetries underlying the tensor hierarchy in exceptional field theory, see for instance [58] [59] [60] .
This observation can serve as a first step toward a new geometric understanding of the worldvolume approach to M-theory. This requires extension of the analysis presented here in several directions. In this paper we focused on the case of the exceptional group SL(5), which is the (continuous) U-duality group for M-theory compactified on a four-dimensional torus. Obviously, a more complete treatment would require studying the fluxes for lower (higher) number of external (internal) dimensions, where the U-duality group is larger. A standard complication in that case is that M5-brane charges emerge, and the extended bundles are larger and not of the type T M ⊕ p T * M, while the corresponding topological sigma-model that encodes the fluxes as Wess-Zumino terms is expected to be more complicated as U-duality now exchanges charged objects of different dimensionalities. Some discussions of these issues can be found in [42, 59, 61] .
Another open problem is to construct a threebrane sigma-model with an extended base space, similarly to double field theory where the coordinates are doubled, whose gener-alized Wess-Zumino terms would accomodate the exceptional field theory fluxes, derived for the U-duality group SL(5) in Section 6. In the SL(5) case this would require a tendimensional extended space, and even higher-dimensional for larger U-duality groups. Target space exceptional field theories with manifest U-duality invariance were constructed in recent years in [62] [63] [64] [65] [66] , however the corresponding worldvolume problem remains open [52] . Applying the strategy developed in [36] for the construction of T-duality invariant membrane sigma-models could be helpful in that case, although its precise implementation is not straightforward. In addition, one should then deal with the section condition and understand its geometric origin in the context of weaker algebroid structures, similar to the (pre-)DFT algebroids defined in [36] and formulated in [67] in terms of an AKSZ-type construction.
Finally, another issue that we did not discuss in the present paper is the nonassociativity of the M2-brane phase space, which is deformed by the presence of the locally non-geometric M-theory R-flux [7, 8] . This problem requires the extension of the base manifold M and falls in the same line of discussion as previously. In other words, one would have to include the wrapping coordinates of closed M2-branes in order to see how nonassociativity manifests itself in the worldvolume approach. Similarly, it would be interesting to find a geometric interpretation for the fact that the phase space of M-theory, when R-flux is turned on, is dimensionally reduced from eight to seven dimensions due to the absence of momentum modes along the M-theory circle [7] [8] [9] [10] .
